ICS 141: Discrete Mathematics I (Fall 2014)

1.3 Propositional Equivalences

Tautologies, Contradictions, and Contingencies

e A tautology is a compound proposition which is always true.
e A contradiction is a compound proposition which is always false.

e A contingency is a compound proposition which is neither a tautology nor a contradiction.

Logical Equivalences

Identity Name
pAT=p .
DVF=p Identity Laws
pVT=T s
DAF=F Domination laws
pVp f p Idempotent laws
PAP=Dp
=(=p)=p Double negation law

pVq ? qVp Commutative laws
PAG=qAp

(pVagVr=pV(qVr)
(PAgAT=pA(gAT)
pVgAr)=(Vqg A(pVr)
pA(@Vr)=({pAgV(pAT)
~(pAq)=-pVq
~(pVg) =-pA—q

Associative laws

Distributive laws

De Morgan’s laws

pVpANg=p -
Absorption laws
pA(pVg =p P
pV-p=T .
PA-p=F Negation laws

Logical Equivlances Involving Condi-
tional Statements

p—q=—pVg

p—=q=—qg—p

PVg=-p—4gq

pPAg=—(p— )

~(pP—=a)=qN—q

Logical Equivalences Involving Bicondi-
tional Statements
peg=pP— 9N (@—Dp)

P& qg=—p g

P g=(pAgV(pA—g)

(p—=arp—=r)=p—(gAT) P
(gﬁz)/\(gér)zj(jp\/qgjﬁr —(per @) =p e g
p—=qVp—>r)=p—(qVr)
TELMEDEIIYES:
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Constructing New Logical Equivalences

We can construct new logical equivalences by applying known logically equivalent statements to
show that A = B.

Recall that two propositions p and ¢ are logically equivalent if and only if p <+ ¢ is a tautology
(a.k.a. their truth tables match). However, for very long or complex propositions, it might be less
work to do a proof of logical equivalence.

Goal: Get both sides to be the same.
Strategy:

e Apply rules from the list of Logical Equivalences to manipulate one side of the proposition
e Apply one rule per line

e Keep applying rules until we arrive at our goal

1.3pg. 34#7
Use De Morgan’s laws to find the negation of each of the following statements.

a) Jan is rich and happy.

p = “Jan is rich”

q = “Jan is happy”

pPAq

~(pAg) =PV g

“Jan is not rich, or not happy.”

b) Mei walks or takes the bus to class.

p = “Mei walks to class”

q = Mei takes the bus to class.”

pVyq

—(pVq)=-pA—g

“Mei does not walk to class, and Mei does not take the bus to class.”

1.3 pg. 35#11

Show that each conditional statement is a tautology without using truth tables

bp—(pVaq)

p—(pVa)
=-pV (pVgq) Law of Implication
(=pV p)Vq Associative Law
TVq Negation Law
T Domination law
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1.3 pg. 35#15

Determine whether (—g A (p — ¢)) — —p) is a tautology.

pAq) = (p—q)
=(pAq)V(p—q)
=(pAq)V(—pVq)
(pV=q)V(-pVa)

Law of Implication
Law of Implication
De Morgan’s Law
Associative Law
Commutative Law
Associative Law
Negation Law
Domination Law
Domination Law

=(p — q) V—q Law of Implication
Double Negation
Law of Implication
Associative Law

Negation Law
Domination Law

plag|lp| g p=>q|gN(p—4q) | (gA(pAqg) —p
T|T|F | F| T F T
T(F|F | T| F F T
FIT|T|F| T F T
FIF| T |T | T T T

1.3 pg. 35#17

Show that —(p <+ ¢) and p <> —q are logically equivalent.

plg|-q|lpeg|-(peqg) | per g
T|T F| T F F
T|F| T | F T T
F|T|F| F T T
FIFE|T| T F F




